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Abstract 

We consider a C*-algebra Ax defined as the norm-closure of a 
representation of twisted coordinate ring of a projective variety X by 
linear operators on a Hilbert space T~L. Our main result says, that 
points of X correspond to irreducible representations of the crossed 
product Ax x S 1 by an automorphism of Ax- As an example, we 
compute points of variety X, when Ax is a noncommutative torus 
with real multiplication. 
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1 Introduction 

Since polynomial rings are commutative, it is usual to think, that algebraic 
geometry must be based on the commutative algebra. Yet in 1950's Serre [8] 
noticed, that some truly non-commutative rings -B's can satisfy an analog of 
fundamental duality between polynomial rings and varieties: 

Coh (X) = Mod (B) I Tors, (1) 

where X is a projective variety, Coh (X) a category of the quasi-coherent 
sheaves on X and Mod (B) a category of the quotient graded modules over 
B factored by a torsion Tors, see ([ID], pp. 172-173) for the details. Each 
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non-commutative B satisfying ([T]) is called a "twisted" coordinate ring of X. 
To convey a basic idea, consider an example from functional analysis. 

If X is a Hausdorff space and C(X) the commutative algebra of functions 
from X to C, then topology of X is determined by algebra C (X) (the Gelfand 
Duality); in terms of K-theory this can be written as Kq° p (X) = Kq 9 (C(X)). 
Taking the two-by-two matrices with entries in C(X), one gets an algebra 
C(X) £g>M 2 (c); in view of stability of the algebraic K-theory under the tensor 
products (e.g. [3], §5), it holds K%*{X) = K^ 9 (C(X)) = K% l9 (C(X) g> 
M 2 (c)). In other words, the topology of X is defined by algebra C(X) <8> 
M2(c), which is no longer a commutative algebra. In algebraic geometry, one 
replaces X by a projective variety, C(X) by its coordinate ring, C(X)®M 2 (c) 
by a twisted coordinate ring of X and K top (X) by a category of the quasi- 
coherent sheaves on X. The simplest concrete example of B is as follows. 

Example 1 ( [10J , p. 173) Let A; be a field and U^k) the algebra of poly- 
nomials over k in two non-commuting variables x\ and X2, and a quadratic 
relation X\X2 — x 2 xi — x\ = 0; let P l (k) be the projective line over k. Then 
B = Uoo(k) and X = P x (/c) satisfy equation Qj. Notice, that B is far from 
being a commutative ring. 

In general, there exists a canonical non-commutative ring B, attached to the 
projective variety X and an automorphism a : X — > X; we refer the reader 
to [TO], pp. 180-182. To give an idea, let X = Spec (R) for a commutative 
graded ring R. One considers the ring B := R[t, i -1 ; a] of skew Laurent 
polynomials defined by the commutation relation 

b a t = tb, (2) 

for all b G R, where b a G R is the image of b under automorphism a; then B 
satisfies equation ([1]), see lemmas [2] and |3j The ring B is non- commutative, 
unless a is a trivial automorphism of X. 

Example 2 The ring B = Uoo{k) in Example [1] corresponds to the automor- 
phism er(w) = u + 1 of the projective line P X (A;). Indeed, u = X2X{ X = x^X2 
and, therefore, a maps x 2 to x± + x 2 ; if one substitutes in <§Z§ t — xi, b = x 2 
and b a = X\ + x 2 , then one gets the defining relation Xix 2 — x 2 Xi — x\ = 
for the algebra U^k). 
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In what follows, we consider infinite-dimensional representations of B 
by bounded linear operators on a Hilbert space H. The idea goes back to 
Sklyanin, who asked about such representations for a twisted coordinate ring 
of an elliptic curve (the so-called Sklyanin algebra), see [9], Section 3, remark 
in brackets to the last paragraph. 

Let H be a Hilbert space and 13(H) the algebra of all bounded linear 
operators on *H. For a ring of skew Laurent polynomials R[t, £ _1 ; a] described 
by formula (121) , we shall consider a homomorphism 

p:R[t,r 1 ;a]^B(H). (3) 

It is known, that algebra 13(H) is endowed with a *-involution, which comes 
from the scalar product on the space "H. For this reason, representation p 
will be called *-coherent, if p*(t) = pit -1 ) for a unitary operator p(t) G 13(H) 
and 

(p*(6))^=p*(n, V&Gi?, (4) 

where a(p) is an automorphism of p{R) induced by o. Notice, that ^-coherent 
representations of R[t, t~ x \ a] exist only for special automorphisms a, which 
we call para-Frobenius (see remark H] for a justification); in fact, involution 
controls a through equation (111) . A different type of restrictions on a is 
mentioned in remark [2J 

If Mod (5)/Tors = Coh (X) for a projective variety X and B = 
R[t, t -1 ;a] admits a ^-coherent representation (for some "H), then p(B) is 
a *-algebra; the norm-closure of p(B) is, therefore, a C*-algebra, which we 
call the Serre C* -algebra and denote by Ax- Such an interface of noncom- 
mutative algebraic geometry and operator algebras is amazingly fruitful, yet 
little explored; for instance, if variety X is an elliptic curve, then Ax is a 
noncommutative torus [7]. 

Recall, that if B is a commutative algebra satisfying ((Tj), then X = 
Spec (B), where Spec (B) is the set of prime ideals of B; we address the 
following question. 

An objective. Find a similar formula (if any) for the Serre algebra Ax- 

Let ,4 be a C*-algebra and G a locally compact group; consider a contin- 
uous homomorphism a : G — > Aut (A), where Aut (A) is the group of 

1 For instance, automorphism a in example [2] is not para-Frobenius. Indeed, an involu- 
tion must act on generators of Uoo{k) by formula x\ — X2', the latter doesn't preserve the 
defining relation X1X2 — X2X1 — x\ = 0. 
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*-automorphisms of A. Recall, that the triple (A, G, a) defines a new C*- 
algebra, which is called a crossed product and denoted by A x a G, e.g. [TTj . 
pp 47-54. Further, we let G = Z and consider its Pontryagin dual G = S 1 , 
which is the unit circle. We shall write Irred for the set of all irreducible 
representations of a given C*-algebra. Our main result is the following 

Theorem 1 If Ax is a Serre C* '-algebra, then there exists a 6 Aut (Ax), 
such that: 

X = Irred (A x ^aS 1 ). (5) 

Remark 1 Notice, that Ax is usually a simple algebra; therefore, X ^ 
Spec (Ax)- To the contrast, theorem [T] identifies points of variety X with 
the irreducible representations of a crossed product of Ax', thus, formula 
fl5]) can be viewed as a natural extension of the spectral formula to non- 
commutative rings. 

The article is organized as follows. The preliminary facts are reviewed in Sec- 
tion 2. Theorem 1 is proved in Section 3. Finally, we consider an application 
of formula ([5]) in Section 4. 

2 Twisted homogeneous coordinate rings 

Let X be a projective scheme over a field k, and let C be the invertible sheaf 
Ox(^) of linear forms on X. Recall, that the homogeneous coordinate ring 
of X is a graded fc-algebra, which is isomorphic to the algebra 

B(X,C) = ®#°(X, £ 0n ). (6) 

n>0 

Denote by Coh the category of quasi-coherent sheaves on a scheme X and by 
Mod the category of graded left modules over a graded ring B. If M = @M n 
and M n = for n » 0, then the graded module M is called right bounded. 
The direct limit M = lim M a is called a torsion, if each M a is a right bounded 
graded module. Denote by Tors the full subcategory of Mod of the torsion 
modules. The following result is basic about the graded ring B = B(X, £). 

Lemma 1 (Serre [8J) Mod (B) / Tors = Coh (X). 
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Let a be an automorphism of X. The pullback of sheaf £ along a will be 
denoted by i.e. £ a (U) := £{aU) for every U C X. We shall set 



B{X, £, a) = F°(X, £ ® £ ff <g> . . . <g> £*" 



(7) 



The multiplication of sections is defined by the rule 



ab = a®b a 



(8) 



whenever a G B m and 6 G B n . 

Given a pair (X, a) consisting of a Noetherian scheme X and an auto- 
morphism a of X, an invertible sheaf £ on X is called a-ample, if for every 
coherent sheaf J 7 on X, the cohomology group 

vanishes for g > and n » 0. Notice, that if cr is trivial, this definition 
is equivalent to the usual definition of ample invertible sheaf [S]. A non- 
commutative generalization of the Serre theorem is as follows. 

Lemma 2 (Artin-van den Bergh [lj) Let a : X — >■ X be an automor- 
phism of a projective scheme X over k and let £ be a a-ample invertible sheaf 
on X . If B(X, £,o~) is the ring ([?]), then 



Remark 2 The question which invertible sheaves are a-ample is fairly sub- 
tle, and there are no characterization of the automorphisms a for which such 
an invertible sheaf exists. However, in many important special cases this 
problem is solvable, see p.], Corollary 1.6. 

3 Proof of theorem H 

We shall split the proof in a series of lemmas, starting with the following 

Lemma 3 B(X,C,cr) = R[t, a], where X = Spec (R). 

Proof. Let us write the twisted coordinate ring B(X, £, a) of projective 
variety X in the following form: 



Mod (B(X,C,a)) / Tors = Coh (X). 



(9) 



5(X,£,a) = 0iJ o (X,» n ) 



(10) 



n>0 
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where 93 n = C <g> C a <8> • • • <8> -C 7 ™ and H°(X, Q5 n ) is the zero sheaf cohomology 
of X, i.e. the space of sections T(X, Q5 n ); compare with formula (3.5) of pQ. 
If one denotes by O the structure sheaf of X, then 

<Bn = 0*" (11) 

can be interpreted as a free left C-module of rank one with basis {t n } [I], p. 
252. 

Recall, that spaces Bi = H°(X, <B j) have been endowed with the mul- 
tiplication rule flS]) between the sections a G £? m and b G -B n ; such a rule 
translates into the formula: 

at m bt n = ab am t m+n . (12) 

One can eliminate a and t n in the both sides of (fl2|) ; this operation gives 
us the following equation: 

t m 6 = W m t m . (13) 

First notice, that our ring B(X, C, a) contains a commutative subring R, 
such that Spec (R) = X. Indeed, let m = in formula f JT3|) ; then 6 = 6 H 
and, thus, a = Id. We conclude therefore, that R = B is a commutative 
subring of -B(Jf, £, a), and Spec (R) = X. 

Let us show that equations (j2J) and f[T3~j) are equivalent. First, let us show 
that implies ( TT3|) . Indeed, equation ([2]) can be written as b u = tbt^ 1 . 
Then: 

6- 2 = tb a t~ l = t 2 bt- 2 , 
6- 3 = tb^t- 1 = t 3 bt~ 3 , 

(14) 

= tb^t" 1 = t m bt~ m . 

V 

The last line of ( JH| is equivalent to equation ( fTBl) . The converse is evident; 
one sets m — 1 in ( !T3|) and obtains equation ()2]). Thus, ()2]) and (|T3|) are 
equivalent equations. 

It is easy now to establish an isomorphism B(X, C, a) = R[t, t~ x ] a]. For 
that, take b G R C B(X, C, a); then B(X, C, a) coincides with the ring of the 
skew Laurent polynomials R[t, t" 1 ; a], since the commutation relation §Z§ is 
equivalent to equation fTl3|) . Lemma [3] follows. □ 

Lemma 4 Ax — C(X) where C(X) is the C* -algebra of all continuous 
complex-valued functions on X and o a para-Frobenius automorphism of X . 
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Proof. By definition of the Serre algebra Ax, the ring of skew Laurent 
polynomials i?[t,t _1 ;o"] is dense in Ax', roughly speaking, one has to show 
that this property defines a crossed product structure on Ax- We shall 
proceed in the following steps. 

(i) Recall, that R\t, t~ ; a] consists of the formal sums 

J2ht k , heR, (15) 

feez 

subject to the commutation relation 

b a k t = tb k . (16) 

Thanks to a ^-coherent representation, there is also an involution on R[t, t" 1 ; a] 
subject to the following rules: 

{ w r = r !' (17) 



(ii) Following ([H], p. 47), we shall consider the set C C (Z, R) of continuous 
functions from Z to R having a compact support; then the formal sums (j!5p 
can be viewed as elements of C C (Z, i?) via the identification 

k i—)- 6 fc . (18) 

It can be verified, that multiplication operation of the formal sums (fT5l) 
translates into a convolution product of functions f,g E C C {TL,R) given by 
the formula: 

(fg)(k)=J2f(¥g(k-l)t- 1 , (19) 

zez 

while involution (TTTj) translates into an involution on C C (Z, i?) given by the 
formula: 

r(k) = t k r(-k)t- k . (20) 

The multiplication given by convolution product f[T9l and involution f[2T?l) 
turn C C (Z, i?) into a *-algebra, which is isomorphic to the algebra R[t, t~ l ; a]. 

(iii) There exists the standard construction of a norm on C C (Z, R); we omit 
it here referring the reader to [11], Section 2.3. The completion of C C (Z,R) 
in that norm defines a crossed product C*-algebra Rxi a Z [TT], Lemma 2.27. 
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(iv) Since R is a commutative C*-algebra and X = Spec (R), one con- 
cludes that R = C(X). Thus, one obtains A x = C(X) x CT Z. 
Lemma H] follows. □ 

Remark 3 It is easy to prove, that ffl6|) and (fT7l ) imply (fTTl i): in other 
words, if involution does not commute with automorphism a, representation 
p cannot be unitary, i.e. p*(t) ^ pit^ 1 ). 

Lemma 5 There exists a G Aut {Ax), such that: 

X Irred (A x x a S 1 ). (21) 

Proof. Formula (1211) is an implication of the Takai duality for the crossed 
products, see e.g. [TTj . Section 7.1; let us briefly review this construction. 

Let (A, G, a) be a C*-dynamical system with G locally compact abelian 
group; let G be the dual of G. For each 7 G G, one can define a map 
a 7 : C C (G, A) — > C C (G, A) given by the formula: 

a 7 (/)(s)=7(«)/(s) > VsGG. (22) 

In fact, *-homomorphism, since it respects the convolution product 

and involution on C C (G, A) [11]. Because the crossed product A x Q G is the 
closure of C C (G, A), one gets an extension of ci 7 to an element of Aut (Axi a G) 
and, therefore, a homomorphism: 

a:G-*Aut (Ax a G). (23) 

The Takai duality asserts, that: 

(A xi a G) y\ & G = A® IC(L 2 (G)), (24) 

where K.(L 2 (G)) is the algebra of compact operators on the Hilbert space 
L 2 (G). 

Let us substitute A = C (X),a = a and G = Z in (j21j) ; one gets the 
following isomorphism: 

(C Q (X) x ff Z) x^ Z = CopsT) ® /C(L 2 (Z)). (25) 

Lemma H] asserts that Co(X) x CT Z = Ax', since Z = S 1 , one arrives at the 
following isomorphism: 

Ax^aS 1 = C {X)®K{L 2 {!,)). (26) 
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Consider the set of all irreducible representations of the C*-algebras in 
(EE]) ; then one gets the following equality of representations: 

Irred {A x *a S 1 ) = Irred (C (X) <g> /C(L 2 (z))). (27) 

Let Ti be a representation of the tensor product Cq(X) <8> /C(L 2 (z)) on the 
Hilbert space "H <g> L 2 (z); then 7r = v? <g> ■0, where ip : C (X) -> B(H) and 
if) : )C —> B(L 2 (z)). It is known, that the only irreducible representation of 
the algebra of compact operators is the identity representation. Thus, one 
gets: 

Irred (C (X) <g> /C(L 2 (z))) = Irred (C (X)) <g> {pt} = (28) 

= Irred(CopO). 

Further, the C*-algebra Cq(X) is commutative, hence the following equa- 
tions are true: 

Irred (C (X)) = Spec (C (X)) = X. (29) 
Thus, putting together ( 12T|) - (12^|) . one obtains: 

Irred S 1 ) ^ X (30) 

The conclusion of lemma |5] follows from ( )30|) . if one denotes a by a. □ 

Theorem [1] follows from lemma [5j □ 

4 An example 

In this section we calculate Irred (Arm xi q S* 1 ), where Arm is a noncommu- 
tative torus with real multiplication [6j. It will develop (see cor. [1]), that in 
this case, one gets .fT-rational points (an arithmetic scheme) of a non-singular 
elliptic curve. 

Let < 9 < 1 be an irrational number. Recall, that by a noncommutative 
torus Aq one understands the universal C*-algebra generated by the unitaries 
u and v satisfying the commutation relation vu = e 2 uv [7]. The K-theory 
of Aq is Bott periodic with K (Ae) = Kx(A$) = Z 2 ; the range of trace on 
projections of Ag <E> /C is a subset A = Z + Z6 of the real line, which is called 
a pseudo-lattice [6j. The torus Aq has rea/ multiplication, if # is a quadratic 
irrationality; in this case the endomorphism ring of pseudo-lattice A is bigger 
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than Z - hence the name. The noncommutative tori with real multiplication 
will be denoted by Arm] by A = , ad — be — 1 we understand 

a primitive integer matrix associated to Arm, such that = ^§r|. The 
following result is an application of theorem [1] to noncommutative tori with 
real multiplication. 

Corollary 1 Lei K = Q or a finite extension of Q and S(K) a non-singular 
elliptic curve over K; then 

Irred {Arm S 1 ) — £(K). (31) 

Proof. It is easy to see, that the automorphism group of Arm is generated 
by matrix A, which acts linearly on the generators u and v of the noncom- 
mutative torus; thus, one gets: 

Aut (Arm) = {A n \nez}. (32) 

Let us consider continuous homomorphisms 

a: S 1 — > Aut (Arm) = Z, (33) 

between the locally compact abelian groups S 1 and Z. 

For a prime number p, consider the direct limit, A(p), of pseudo-lattices 
A i+1 C Aj given by the formula 

A(p) = Um[Z + Z(p*0)]. (34) 

i— >oo 

Since A(p) is a dense abelian subgroup of K, it defines a (discrete) dense 
abelian subgroup, A (p), of S" 1 via the natural projection R/Z = S* 1 . By a p 
we understand a continuous homomorphism S* 1 — >■ Ant (Ara/) acting by the 
formula: 

a p : A (p) i — ► p. (35) 
In view of formula ( 1351) . we shall consider matrix 



2 The A(p) can be viewed as a "noncommutative" analog of Tate's module of an elliptic 
curve. 
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(39) 



where tr is the trace of a matrix. Since A p is invertible, its linear action 
on E defines an automorphism of A(p); one can think of A p as a shift auto- 
morphism (in the sense of J. Cuntz) of the crossed product of Arm by the 
endomorphism L p of pseudo-lattice A, where 

o)- < 37 > 

see [5], Section 2.1. Thus, one arrives at the formula: 

Arm * a S 1 J] ^ M *l p Z, (38) 
p 

where fL is the direct sum of C*-algebras taken over the set of all prime 
numbers. 

Notice, that L p is similar to the positive integer matrix: 

tr (A p ) — p p" 
tr (A p ) — p — 1 p , 

for which we retain the same notation. It is known, that irreducible repre- 
sentation of the crossed product Arm ^Lp^ ar e bijective with the invariant 
measures on a subshift of finite type given by matrix (I3"9"|) ; such measures 
make a natural abelian group under the addition. The latter is isomorphic 
to the finite abelian group 

where I is the identity matrix [3], Theorem 2.2. 
Thus, one obtains 

Irred {Arm x a S 1 ) = ]J (/ - ^ = £(K), (41) 

where S(K) is an elliptic curve over a number field K; the reduction of S(K) 
modulo prime p is an elliptic curve S(¥ p ) over finite field ¥ p . It follows from 
( 14"T|) . that points of £(W P ) are fixed points of the Frobenius endomorphism L p 
acting on the module A(p) = Z 2 . 
Corollary [1] follows. □ 

Remark 4 If follows from cor [TJ that dual action of a is given by matrix 
A; the latter produces Frobenius endomorphism L p via formula (|37[) . Thus, 
the name para-Frobenius for a seems justified. 



11 



5 Final remarks 



For simplicity, let X := Irred (Ax * Q S 1 ); then theorem [T] says that X = X 
as a set of points. It is known, that there exists a natural topology on the 
set X, induced by the so-called Borel measurable functions on X; we refer 
the reader to [2], Ch. 3 for an introduction and definitions. Those functions 
classify irreducible representations (up to a unitary equivalence) of a vast 
class of C*-algebras by exhibiting a countable family of complex- valued 
functions on X, which separate points of X; the values of /$ at points of X can 
be interpreted as "unitary invariants" of an irreducible representation. The 
following conjecture asserts that X and X are homeomorphic as topological 
spaces. 

Conjecture 1 For every embedding X <-» P n there exists a finite set f = 
{i(b • • • , fn} of Borel measurable functions fi : X — > C separating points of 
X, such that f(X) is a Borel subset of X. 
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